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Abstract. Given a compact Lie group G, in this paper we give symbolic criteria 
for operators to be nuclear and r- nuclear on L p (G)-spaces, with applications to 
distribution of eigenvalues and trace formulae. Since criteria in terms of kernels 
are often not effective in view of Carleman's example, in this paper we adopt the 
symbolic point of view. The criteria here are given in terms of the concept of matrix 
symbols defined on the non-commutative analogue of the phase space G x G, where 
{NJ ' G is the unitary dual of G. 
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1. Introduction 



< 

Let G be a compact Lie group. In this paper we address the following problems: 

to find criteria for operators to be nuclear on L P (G), for 1 < p < oo; 
since in the Banach spaces, due to Grothendieck's work |Gro55j . we know that 
in order to have the operator trace to agree with the spectral trace, the notion 
! of nuclearity is not sufficient, to find criteria for the r-nuclearity (0 < r < 1) 

and to apply this to derive information on the spectral behaviour and on the 
traces of operators on L P (G). 

Our analysis will be based on the global quantization recently developed in |RT10a] 



CO 

and [RT12] as a noncommutative analogue of the Kohn-Nirenberg quantization of 
operators on MJ 1 . 

In general, for trace class operators in Hilbert spaces, the trace of an operator 
given by integration of its integral kernel over the diagonal is equal to the sum of 
its eigenvalues. However, this property fails in Banach spaces. The notion of r- 
nuclear operators becomes useful, and Grothendieck |Gro55] proved that |-nuclear 
operators in this scale satisfy the Lidskii trace formula on L p -spaces. The question 
of finding good criteria for ensuring the r-nuclearity of operators arises but this has 
to be formulated in terms different from those on Hilbert spaces and has to take 
into account the impossibility of certain kernel formulations in view of Carleman's 
example |Carl6] recalled below. 

In order to get an efficient criterion for the r-nuclearity, the application of the 
notion of a matrix symbol of an operator on a compact Lie will be instrumental. We 
also give several further applications. A special feature of our criteria is that we do 
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not assume any regularity condition on the symbols, which shows a certain advan- 
tage in comparison with the traditional Kohn-Nirenberg quantization in the manifold 
setting. Here we will completely drop regularity assumption on the symbol as a con- 
sequence of the technique of noncommutative quantization that we are using. While 
Grothendieck's result yields the same index 2/3 for all LP spaces, we relate the index 
r of the r-nuclear operators with the index p of L p -spaces in which the trace formula 
holds. Nuclearity criteria for operators on L? with smooth symbols in Hormander 
classes have been analysed, see e.g. Shubin [ShuOl) Section 27]. The problem of find- 
ing criteria for Schatten classes in terms of symbols with lower regularity has been of 
interest in the last years, see e.g. [Tof06 , Tof08) IBTlOj . 

Symbolic criteria for the ZAboundedness of operators on compact Lie groups, the 
Mikhlin-Hormander multiplier theorem and its extension to non-invariant operators 
for 1 < p < oo, are presented in |RW13j . 

To formulate the notions more precisely, let E and F be two Banach spaces and 
let < r < 1. A linear operator T from E to F is called r-nuclear if there exist 
sequences (x' n ) in E' and (y n ) in F so that 

oo 

(1.1) Tx = ^2(x,x' n )y n 

n=l 

and 

oo 

(!- 2 ) ^IKHs'lll/nllf- < oo. 

n=l 

The class of r-nuclear operators is usually endowed with the pseudo-norm 

oo 

n r (T) = inf{^ IKIls' 11^11^}^ 

n=l 

where the infimum is taken over the representations fll.l[) of T such that ( j 1,2)1 holds. 
When r = 1 we obtain the ideal of nuclear operators and ^i(-) is a norm. In this case 
the definition above agrees with the concept of trace class operators in the setting of 
Hilbert spaces (E = F = H). 

Since we are also interested in the distribution of eigenvalues we shall consider the 
case E = F and the notion of the trace. In order to ensure the existence of a good 
definition of the trace on the ideal of nuclear operators %l(E) one is led to consider the 
Banach spaces E enjoying the so-called approximation property (cf. |Pie87] . [DF93J). 
It is well known that the spaces L P (Q, -M,/i) satisfy the approximation property for 
any measure /x and 1 < p < oo (cf. |Pie80) Lemma 19.3.5]). Thus, a Banach space 
E is said to have the approximation property if for every compact subset K of E and 
every e > there exists a finite rank bounded operator B on E such that we have 

||x — .Eta || # < e for all x £ K . 

On such spaces, if T : E — » E is nuclear, the trace is well-defined by 

oo 

Tr ( T ) = Yl X 'n(yn), 
n=l 
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where T = x ' n ® Vn is a representation of T as in (11.11) . It can be shown that this 



n=l 



definition is independent of the choice of the representation. 

In the setting of Hilbert spaces the class of r-nuclear operators agrees with the 
Schatten-von Neumann ideal of order r, a result due to R. Oloff (cf. |01o72j ). When 
r = |, Grothendieck proved (cf. |Gro55j ) that the trace in Banach spaces agrees 
with the sum of all the eigenvalues with multiplicities counted. In Hilbert spaces 
this holds for nuclear (i.e. trace class) operators, the result which is known as the 
Lidskii formula (cf. |Lid59j ). It has been proven by A. Pietsch |Pie84] that if r > 1 
the class of operators having decomposition (11. ip and satisfying (jl.2p is essentially 
reduced to the null operator. The question about the sharpness of the index r = | 
for trace formulae in the case of L p -spaces has been recently considered by Reinov 
and Laif |RLllj . Being in the class of r-nuclear operators can be used to deduce 
properties concerning the asymptotic behaviour of the corresponding operators. The 
statement relating Grothendieck's r-nuclearity result to the Lidskii formula in L p 
spaces is known as a Grothendieck-Lidskii formula (see e.g. [R LTT] ) and we give its 
variant on compact Lie groups in Corollary 14.31 for < r < 2/3 and in Corollary 14.51 

for < r < 1 with ~ = 1 + \ — - ■ The r-nuclear operators are sometimes known as 

p-nuclear operators, but here we will reserve the index p to indicate the L p -spaces. A 
description of the current state of the art of the general theory of p- nuclear operators 
has recently appeared in Hinrichs and Pietsch |HP10j . 

Among other things, in this paper we establish sufficient conditions on the matrix- 
valued symbol of an operator in order to ensure the r-nuclearity in L p -spaces. The 
nuclearity of pseudo-differential operators on the circle T 1 has been recently anal- 
ysed in jDW] but the situation in the present paper is much more subtle because 
of the necessarily appearing multiplicities of the eigenvalues of the Laplacian on the 
noncommutative compact Lie groups; moreover, due to the commutativity of the 
torus, the symbol there is scalar and hence all of its "matrix" -norms are uniformly 
equivalent which is not the case if the group G is noncommutative. 

We shall now briefly recall a classical result of Carleman ( |Carl6j ) which will be 
helpful to clarify the significance of our symbolic criteria. In 1916 Torsten Carleman 

oo 

constructed a periodic continuous function x(x) = Yl c n e 2mnx , i.e. a continuous 

n=— oo 

function on the commutative Lie group T 1 , for which the Fourier coefficients c n satisfy 

| r = oo for any r < 2. 



Now, considering the normal operator 

(1.3) Tf = f * x 

acting on L 2 (T X ) one obtains that the sequence (c n ) n forms a complete system 
of eigenvalues of this operator corresponding to the complete orthonormal system 
4>n(x) = e 2mnx , Tcf) n = c n (p n . The system (p n is also complete for T*, T*(p n = c^4> n , 
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the singular values of T are given by s n (T) — \c n \ and hence 

oo 

S n(TY = OO, 

n.=— oo 

for r < 2. Hence, the operator T is not nuclear. Moreover, due to the aforementioned 
Oloff's result the operator T is not r-nuclear for < r < 1. However, the continuous 
integral kernel k(x,y) = k[x — y) satisfies any kind of integral condition of the form 
J J \k(x, y)\ s dxdy < oo due to the boundedness of k. This shows that it is impossible 
to formulate a sufficient condition of this type for the kernel ensuring nuclearity on 
the torus T 1 . 

In this work we will establish conditions imposed on symbols instead of kernels 
ensuring the r-nuclearity of the corresponding operators. The criteria that we will 
obtain in the general case for the nuclearity from L P1 (G) to L P2 (G) will depend on 
whether pi < 2 or pi > 2. For pi = p 2 we will apply this to the question of the 
convergence of the series of eigenvalues of operators and to the validity of the Lidskii 
formula. We give examples applying our results to the heat kernel on general compact 
Lie groups (Subsection 14.11) as well as to the Laplacian and the sub-Laplacian on 
SU(2) ~ § 3 and on SO(3) (Subsection 

In Section [2] we discuss and formulate the known criteria for nuclearity as well 
as make a short introduction to the global quantization on compact Lie groups. In 
Section [3] we move to the setting of L p -spaces and formulate our criteria for the 
r-nuclearity. There are different possibilities of how to impose conditions on the 
symbol. We will discuss both the cases of invariant and non-invariant operators, and 
give examples of our results on the tori, on the group SU(2) and on SO (3). In Section 
H] we give applications to summability of eigenvalues, trace formulae and the Lidskii 
theorem. In particular, in Subsection 14. II we give the example of the trace kernel and 
its trace. 

The authors would like to thank Jens Wirth for discussions and remarks. 

2. Preliminaries 

In this section we recall some basic facts about the concepts of nuclear and r- 
nuclear operators, and the notion of the trace on Banach spaces. In particular, we 
consider the trace of nuclear operators on L p (/j,). The fact that these spaces satisfy the 
approximation property is a classical result (cf. |Gro55j . [Pie80| ). We refer the reader 
to [Pie80] and to [Pie87j Chapter 4.2] for the general theory of traces on operator 
ideals and the notation used in this section, see also [GGKOOj for an exposition on 
the distribution of the eigenvalues. For the theory of pseudo-differential operators on 
compact Lie groups the we refer to [R TlOaj and [RT12j . 

In the case of L p -spaces we first record the following characterisation of nuclear 
operators (cf. [DellO] ). In the statement below we shall consider (fli, Aii, /ii) and 
(^2, M-2, 1^2) to be two o"-finite measure spaces. 

Theorem 2.1. Let 1 < pi,p2 < 00 and let q\ be such that i + i = 1. An operator 

T : L pi (/ii) — > L P2 (/i 2 ) is nuclear if and only if there exist sequences (g n )n in L P2 {^2), 

00 

and (h n ) n in L qi (fii) such that ^2 \\9n\\LP2 \\h n \\L<n < 00, and such that for all f G 

n=l 
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L pi (/ii) we have 

Tf(x) = J (^^g n (x)h n (y)j f(y)d/i 1 {y), for a.e x. 

Remark 2.2. An analogue of the characterisation above holds for r-nuclear operators 
replacing the terms H^IUm ||/i n |U«i b Y lbn||£p 2 H^nllLn in the sum. 

A distribution of the eigenvalues for r-nuclear operators can be obtained from the 
next theorem relating the eigenvalues and the class of r-nuclear operators (cf. [Gro55l 
Chap. II, p. 16], jGGKOOl Chap. 5, Theorem 4.2]): 

Theorem 2.3. Let E be a Banach space which has the approximation property. Let 
T be an r-nuclear operator from E into E for some < r < 1. Then 

oo 

J2\UT)\ S <K(T), ~ = --- 2 , 

n=l 

where X n (T) denote the eigenvalues of T with multiplicities counted. 

Remark 2.4. (i) Note that from - = - — = we obtain that s = for < r < 1. 

\ I s r 2 2—r — 

In particular, the function s(r) = has the range (0,2]. It is clear that if s > 2 
the series on the left in Theorem 12.31 also converges but the interesting situation is to 
find smaller values of s ensuring such convergence. 

(ii) Theorem 12.31 was established by Grothendieck |Gro55] , and later extended by 
e.g. Konig ( |Kon78t page 107]) to the scale of Lorentz sequences spaces; see also 
|Pie87| Theorem 3.8.6]. 

(iii) If r = 1 we get s = 2, a classical result by Grothendieck (cf. |Gro55]) estab- 
lishing the square summability of eigenvalues for nuclear operators. It is also known 
by Grothendieck that s = 2 is the best possible exponent in this case. 

Theorem 12.31 will be applied jointly with our sufficient conditions for r-nuclearity, 
to obtain estimates on the asymptotic behaviour of the eigenvalues. From this point 
of view, the main goal of this paper becomes to find suitable criteria for ensuring the 
r-nuclearity of an operator. 

Given a compact Lie group G, in this work we consider Qi = Q 2 — G and Ai = 
M.\ = M.2-, the Borel a- algebra associated to the topology of the smooth manifold 
G, with // = /ii = //2 the normalised Haar measure of G. Let G denote the set of 
equivalence classes of continuous irreducible unitary representations of G. Since G is 
compact, the set G is discrete. For [£] e G, by choosing a basis in the representation 
space of £, we can view £ as a matrix- valued function £ : G — > C dfXd «, where d% is the 
dimension of the representation space of £. By the Peter- Weyl theorem the collection 

: l<i,j<d $ , K]gG} 

is an orthonormal basis of L 2 (G). If / G L 1 (G) we define its global Fourier transform 
at £ by 

(2.1) Jb/(£) = /(0 := / f(x)t(x)'dx, 

Jg 
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where dx is the normalised Haar measure on G. Thus, if £ is a matrix representation, 
we have /(£) € c<% xd «. Fourier inversion formula is a consequence of the Peter- 
Weyl theorem, so that we have 

(2.2) /(*)= ^d e Tr(£(x)/(0). 

[fleS 

Given a sequence of matrices a(0 G C d?xd «, we can define 

(2.3) (J-q^cl) (x) := ]T 4Tr(£(x)a(0), 

where the series can be interpreted distributionally or absolutely depending on the 
growth of (the Hilbert-Schmidt norms of) a(£). For a further discussion we refer the 
reader to [RTlOaj . 

For each [£] G G, the matrix elements of £ are the eigenfunctions for the Lapla- 
cian Cg (or the Casimir element of the universal enveloping algebra) , with the same 
eigenvalue which we denote by — Aj>i, so that we have 

(2.4) - Ca&jix) = A|]^(x) for all l<i,j< d v 

The weight for measuring the decay or growth of Fourier coefficients in this setting is 
(£) := (1 + A|j)2 , the eigenvalues of the elliptic first-order pseudo-differential operator 

(/ — ■ The Parseval identity takes the form 

(2-5) \\f\\ LHG) = (j2 <k\\M\&) , where ||/(0II2b = ^(/(O/CO*). 

\[f]eG / 

which gives the norm on £ 2 (G). 

For a linear continuous operator A from C°°(G) to T>'(G) we define its matrix- 
valued symbol a a{x , G C d « xdf by 

(2.6) a,(^):=((x)*(A()(x)GC^^ 

where A£(x) G C deXde is understood as (A£(:r))y = (A^)(x), i.e. by applying A 
to each component of the matrix £(x). Then one has ( |RT10aj . |RT12j ) the global 
quantization 

(2.7) Af(x) = J2 d Z 0/(0) 

in the sense of distributions, and the sum is independent of the choice of a represen- 
tation £ from each equivalence class [£] EG. If A is a linear continuous operator from 
C°°(G) to C OD (G), the series (12.71) is absolutely convergent and can be interpreted 
in the pointwise sense. We will also write A = Op(<ja) for the operator A given by 
the formula (12.71) . The symbol a a can be interpreted as a matrix- valued function on 
GxG. We refer to |RT10at [RT12j for the consistent development of this quantization 
and the corresponding symbolic calculus. If the operator A is left-invariant then its 
symbol a a does not depend on x. We often call such operators simply invariant. 
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We now record simple inequalities on the norms of the representation coefficients 
which will be essential for the analysis of r— nuclearity: 

Lemma 2.5. Let G be a compact Lie group and let [£] G G. Then for all 1 < i, j < 

we have 

(2.8) felL.< 0) <(^' 2 - 9 -°°' 

[d ( \ l<q<2, 

_ 1 

where for q = oo we adopt the usual convention d^ q = 1 . 

Proof. If g = oo, for any y G G we have < ||£(z/)||op — 1 by the unitarity of 

representations in G. If 2 < g < oo we apply the inequality 

q-2 2 
<" 11/11 9 II f II 8 



L« ^ \\J \\ L oo \\J \\ L 2- 

_1 

Using that ^Ja\ ^ is an orthonormal set in L 2 (G), i.e. that ||£y||z2 = 2 , and that 
we have just showed that [|C*il|x,°° < 1> we obtain 

q-2 2 2 _1 

Finally, for 1 < q < 2, using Holder's inequality, we get 

Uv\\Ug) = [jaM\ q dy 

l—ls ■> 1 

2 / f o \ 2 



(7 



— Il^y llz,2(G) ~~ ^ 



where we have used that the Haar measure on G is normalised. □ 



Our criteria will be formulated in terms of norms of the matrix-valued symbols. 
In order to justify the appearence of them, we recall that if A G ^ m {G) is a pseudo- 
differential operators in Hormander's class ty m (G), i.e. if all of its localisations to 
R n are pseudo-differential operators with symbols in the class ^{^(M"), then the 
matrix-symbol of A satisfies 

\\o- A (x,0\\o P < C(0 m for all x G G, [£] G G. 

Here || ■ || op denotes the operator norm of the matrix multiplication by the matrix 
(Ta(%, £)■ For this fact, see e.g. |RT10al Lemma 10.9.1] or |RT12j . and for the complete 
characterisation of Hormander classes \l/ m (G) in terms of matrix- valued symbols see 
also [RTW10J. In particular, this motivates the employ of the operator norms of the 
matrix-valued symbols. However, since a a is in general a matrix, other matrix norms 
become useful as well. 
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3. r-NUCLEARITY ON L P (G) AND EXAMPLES 

In this and next sections we analyse the r-nuclearity and trace formulae in L p - 
spaces. We recall that the case r = 1 correspond to the class of nuclear operators. 
One of the features of the obtained criteria is that they require the integrability (in 
some L p -space) of symbols (Ja{x, £) with respect to x but do not assume any regularity 
of the symbol. 

We start by proving the following sufficient condition for r-nuclearity of operators 
on L 2 (G) with symbols depending only on £. We note that the property that the sym- 
bol depends only on £ means that the operator is left-invariant, that is, it commutes 
with the left translations on the group G. 

Theorem 3.1. Let G be a compact Lie group. Let A : L 2 {G) — >■ L 2 (G) be a linear 
continuous operator with matrix-valued symbol o~a(£) depending only on £. Then A is 
r -nuclear provided that its symbol a a satisfies 

(3.1) £ 4elM0ll*. <°° 

Here \\<JA(Q\\s r = CIKI^-aCO! 7 ")) ^ s ^ e Schatten-norm of order r of the matrix 
a A (0 € C d « xd «. 

Proof. Let us suppose that the symbol a a satisfies (13.1 1) . We note that the kernel of 
the operator A is given by 

k(x, y ) = j2 d ^(^Am(y)% 

and we will show that it is well-defined and has the tensor product form of Theorem 
12. II that is required for the nuclearity. To abbreviate the notation, we will write cr(£) 
for er^ (£). We begin by writing 

<k 

and we set 
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For g^ij(x) we have 

lb£,dU 2 (G) =V / ^llv / 4(^( :E ) (T (0)iillL2(G) 
_ d( 

=a/?II V<k(£( x ))ikCr(Okj\\Li(G) 

k=l 



k'j 



fc=l 
dp 



fc'=l 



L2(G) 



k=l 

dp 



(3.2) 



Hence ||£ 2(G) = G^|a(£)|^, 

i 

Now, since {dc^ij} is an orthonormal set in L 2 (G), we have 



ll£ijll! 2 (G) — d c 2 



Therefore, 



,u(")IIx2(g)II%u(")IIl2(g) 



= £X>k(fli 

= ^4Tr(|a(0| 

< oo, 



completing the proof. 



□ 



Remark 3.2. We point out that one can prove that the condition (13. ip ensuring the 
r-nuclearity for left-invariant operators on L 2 (G) is also necessary. We recall that 
in the Hilbert space setting, the Schatten class of order r agrees with the class of 
r- nuclear operators whenever < r < 1 by Oloff's result [01o72j. For the details of 
Schatten classes of invariant operators on compact Lie groups we refer the reader to 
the recent work |DR13j . 
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We will extend Theorem 13.11 to the setting of L P (G) spaces. We shall require 
the following notation: £°° denotes the L°°-norm on C d e and II 

' llop^ 00 ^ 00 ) denotes 

the operator norm with respect to £°° on C d z. More precisely, for each d G N, let 
B E C dxd and u e C d . Denoting 



\B Lp^oo too) :— max > J-Bm , 



we have \{Bu)i\ < Ylj=i I -By I maxi<j<^ \uj\ < ||S|| ^00^00) ||w||#», so that we get 



1 1 .Bit 1 1 £00 < ||-B|| 

justifying the notation || • \\ op (£°°,e°°), and the appearance of this norm. The transpose 
of the matrix M will be denoted by M*. We first deal with left-invariant operators. 

Theorem 3.3. Let G be a compact Lie group and let 1 < pi,p2 < 00, < r < 1. 
Let A : L Pl (G) — > L P2 (G) be a linear continuous operator with matrix-valued symbol 
ca(0 depending only on £. Then, if 1 < pi < 2 and 

£4 +( *~"Va(oii^<oo, 

where p\ = min{2,pi} ; then the operator A : L Pl (G) — > L P2 (G) is r -nuclear. 
Ifp 2 > 2 and 

^"" ) l(^(0)1i^V ) ii^(e)iil < 00, 

then A : L Pl (G) -)> L P2 (G) r -nuclear. 

Proof. Let gi be such that ~ + ~ = 1- We will consider = max{2,gi} and we 
observe that i- + i = 1. If 1 < p 2 < 2 we have, using (I3.2p . and denoting a = a^, 

On the other hand 



1 1 £»j II £,«.(<?) — ^5 91 



Therefore, 



E^iK^MOkii LP2 (G) L«i (G) 

=I>r (J ~* ,r iK«)ir s 

=£^ +( ^IMOII&. 

<oo. 
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We now suppose p 2 > 2. Now, if p 2 > 2 we first observe that 

(tfsMOto = ^e(x)*a(Ojy = X>(0)5*£(*V 
fc=i fc=i 

Hence and taking into account that < 1, we get 

d 6 

k=l 

<ll( (T (0)*llop(£-,£°°)||(^(a;)ii, • ■ ■ ,£(V)«2 e )||^° 

(3-3) <||(f(0) t ||op(£° c ,£°°)- 

Then using (13. 2\i and (13.31) we obtain 



\\(^HOh\\ r ^(G) = ( I mx)a(C)h\ P2 dx 

(V / 

<su P |(£(*y(oy~ r ll(£(*M0)yll5 (G) 

P2~ 2 r _J_ 2r 



Therefore, 



LH (G) 

r_ P2~ 2 r 2r 

=E« P2d e 91 \\wt)) t \\£t-^ ) * y E\ ff ®\$ 
=E^4 1 "^~" ) l(^(0)i o 1|lV) Tr (i (T (0i-) 

=E^"* )r ii( ff (0)'ii^V)ii ff (oiis c 



£ P2 

<oo, 

completing the proof. □ 

In the particular case of diagonal symbols only depending on £ we can improve 
the sufficient condition in the above theorem. An example of such behaviour is the 
sub-Laplacian on G that always has a diagonal symbol in an appropriately chosen 
basis in the representation spaces. Moreover, symbols of left-invariant self-adjoint 
operators can be chosen to be diagonal by choosing a particular representative from 
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each equivalence class [£] G G. We formulate a general result now, and will give its 
application to the sub-Laplacian in Subsection 13.21 

Theorem 3.4. Let G be a compact Lie group, 1 < Pi,P2 < oo and < r < 1. Let 
A : L Pl (G) — > L P2 (G) be a linear continuous operator with matrix-valued diagonal 
symbol o"a(0 depending only on £. Assume that 

J2 d T { ^ )r \Mo\\s r <oo, 

[flee 

where p[ = mm{2,pi},p 2 = max{2,p 2 }- Then the operator A : L Pl (G) — > L P2 (G) is 
r -nuclear. 

Proof. We consider q± such that — + ^- = 1 and q\ = max{2,gi}, and we observe 
that i- + ■h = 1. Since cr(£) = o"a(0 is diagonal, and using (13. 2p . we have 

IK£(zMOkllW) = IK(*V(0Jill**(G) < 4^k(0lir 
On the other hand, by ( 12. 8ft we have 

_ _r_ 

Therefore, 

L p 2 (G) ll£(v)«ll Mi (G) 

£ 3 

=E4 k *~*V(oii* 

<oo, 

completing the proof. □ 

We will sometimes give examples of our results on the torus, so we summarise its 
notation: 

Remark 3.5. If G = TP 1 = M n /Z n , we have T n ~ Z™, and the collection {^(x) = 
e 27nx ' fc }fc e z« is the orthonormal basis of L 2 (T n ), and all d^ k = 1. If an operator A 
is invariant on T™, its symbol becomes CA(Ck) — £,k(%)* A£k(%) = A£k(Q). In general, 
on the torus we will often simplify the notation by identifying T n with Z n , and thus 
writing £ G Z n instead of (jt 6 Z". The toroidal quantization 

(3.4) Af(x)=Y,e 2mx< a A (x,Of(0 

has been analysed extensively in |RT10b] and it is a special case of (12.71) . where we 
have identified, as noted, T n with Z™. 

As a consequence of Theorem 13.11 on the torus, we obtain: 
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Corollary 3.6. Let 1 < pi,p2 < oo. Let A : L pi (T n ) — > L P2 (T n ) be a linear contin- 
uous operator with symbol cta{£) depending only on £. Then A is r -nuclear provided 
that its symbol a a satisfies 

(3.5) £M0| p <oo. 



We shall now consider more general operators so that the symbols may depend 
also on x. 

Theorem 3.7. Let G be compact Lie group and < r < 1. Let operator A have 
the matrix symbol cr A (x, £). Let 1 < pi,f>2 < oo and let us denote p[ = min{2,pi}. 
Suppose that the symbol a a satisfies 

Yl d Z P1 \\U a A(x,0) t \\op(e ,x ,i' x )\\LP2(G) < °°- 

[flee 

Then the extension A : L Pl (G) — > L P2 (G) is r -nuclear. 

Here we have denoted ||||cta(£,0IIo P (£°°,<?°°)||lp2(g) = (j G \Wa(x, 0\\%(e^4«=) dx 
Proof. The kernel of the operator A is given by 

[f]6G 

and we will show that it is well-defined and has the tensor product form of Theorem 
12.11 that is required for the nuclearity. As before, to abbreviate the notation, we will 
write <t(x,£) for (7a(x, £). We begin by writing 



Tr(£(x)a(x,£)£(y)*) = J2^ x ^ x -0h^Ay. 



and we set 



g^ij(x) = dz(£(x)<T(x,£))ij, h Lij {y) = = £(y) ir 

A similar argument like in (13 .3p shows that 

|(£(x)a(x,£))ij| < \\(o-(x,^)) t \\ op(e c C/ o C) . 

Hence 

1 1 9t,ij ( X ) 1 1 LP 2 (G) = 1 1 d Z (f ) ° fa > ) ij 1 1 LP2 ( G ) 

<d£|| || (cr(x, £)) ||op(£°°/°°)||lp2(G)- 

Let gi be such that + — = 1. Now, if we denote (ft = max{2,ai}, we have 
-t + i = 1. According to 02.81) . we have 

pi 91 & V! 

— r 

II^-IIl8i(g) < ^ 91 ■ 
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Therefore, 

_ _r_ 

ll^.u(-)llxP2( G )||%ii(-)llL«l(G) < z2 d l d $ 91 ^WWi^OfW op{t x II LP2 (G) 

— y vi 1111(^(^,0) iIop(<?°°^°°)||lp 2 (g) 

c 

< oo, 

completing the proof. □ 

As a consequence of Theorem 13.71 recalling the notation on the torus in Remark 
13.51 for the torus group G = TP 1 , we have: 

Corollary 3.8. Let 1 < p x ,p 2 < oo and let A : L Pl (T n ) ->■ L P2 (T") 6e a Zmear 
continuous operator with symbol (Ta(x,£) satisfying 



E ll°^('>0llz*>2(T«) < °°, 



i/ien the operator A : L Pl (G) — )■ L P2 (G) is r -nuclear. 

Remark 3.9. (i) If G = T n = R n /Z n , an invariant operator A is a Fourier multiplier, 
Af(k) = a(k)f(k) with symbol o~A(£,k) = see Remark [331 Theorem 13.71 implies 
that if Ylkez n l a (^)| r < 00 j then the operator T is r-nuclear from L Pl (T n ) to L P2 (T n ) 
for all 1 < pi,P2 < oo. 

(ii) For the convolution operator on T 1 as in (11.31) . we have T 1 ~ Z 1 and o~(n) = 
St(n) = c n , or k{x) = Yl^L-oo c n e 2mnx . In this case Theorem 13.71 implies that if 
Y^=-oo \°n\ r < 00 j the °P era tor Tf = f * x is r-nuclear from L^iT 1 ) to ^(T 1 ) for 
all 1 < pi,p2 < oo. 

(iii) If pi = p 2 = 2 and A is a left-invariant operator on a compact Lie group G, 
it follows from Theorem 13. II that if X^weG^II^-A^IIsi < 00 > then A is a trace class 
operator on L 2 {G). 

(iv) We note that the condition of Corollary 13.81 required the integrability of the 
symbol with respect to x and does not require any regularity. 

In order to deduce some interesting consequences we will apply the following lemma 
proved in [DR12j : 

Lemma 3.10. Let G be a compact Lie group. Then we have 

£ d K0' s < oo 

if and only if s > dim G. 

This yields the following corollary, and in Remark 13.141 we note that the following 
orders are in general sharp. 

Corollary 3.11. Let G be a compact Lie group of dimension n and let < r < 1. 

Let 1 < p\,p2 < oo and let us denote p[ = min{2,pi}. Assume that 

IIMx^'lU^v-) <cd~:^(0~" 
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with some s > n. Then A : L P1 (G) — > L P2 (G) is r -nuclear. 
Proof. We have 

The result now follows from Lemma 13.101 and Theorem 13.71 □ 
As consequence of Theorem 13.41 and Lemma [3. 101 we have: 

Corollary 3.12. Let G be a compact Lie group, 1 < Pi,P2 < oo and < r < 1. 

Let A : L Pl (G) — > L P2 (G) be a linear continuous operator with matrix-valued diagonal 
symbol o~a(£,) depending only on £. If 

\Mt)\\sr < Cd^""** , 

where p\ = mm{2,pi},p 2 = max{2,p 2 }. Then the operator A : L Pl (G) — > L P2 (G) is 
r -nuclear. 

Proof. 

d ( n P2 \\a A ^)\\ r Sr <c r d^ pi P2 d^ Pi P2 (CP = cr<%(0~'. 

The result now follows from Lemma 13.101 and Theorem 13.41 □ 

3.1. Example on the torus. We observe that on the torus T n criteria obtained in 
the above statements are in general sharp. In general, we recall that the relation of 
our setting to the special case of the torus was outlined in Remark l3~5l with examples 
given already in Corollary 13.61 and in Corollary 13.81 

To see the sharpness, we establish the following simple characterisation of the 
nuclearity for Bessel potentials on L 2 (T n ). 

Proposition 3.13. Let A be the Laplacian on the torus T n and let < r < 1. Then 
(I — A)~2 is r-nuclear on L 2 (T n ) if and only if ar > n. 

Proof. The symbol of the operator T = (/ — A)~? is positive, hence T being a 
multiplier operator, it is positive definite and |T| = \JT*T = T. Thus, the singular 
values of T agree with the values of its symbol Therefore, T e S r (L 2 (T n ) if 

and only if ar > n. The result now follows from the identification of the Schatten 
class of order r and the class of r— nuclear operators [01o72] . □ 

Remark 3.14. In the case of the torus T n we have d^ = 1. From Proposition 13.131 
it follows that the index n in the sufficient condition in Corollary 13.111 cannot be 
improved. 

Corollary 3.15. Let 1 < p u p 2 < oo, < r < 1 and let A : L pl (T n ) ->■ L P2 (T n ) be a 
linear continuous operator with symbol (ta{x,£) satisfying 

IMx,0II^(t«) <c(0~ s/r , 

for some s > n. Then the operator A : L Pl (T n ) — > L P2 (T n ) is r-nuclear (for allp\,p2). 
Using compactness of G, the following criterion can be practical: 
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Corollary 3.16. Let 1 < p h p 2 < oo, < r < 1 and let A : L Pl (T n ) -> L^(T n ) be a 
linear continuous operator with symbol a A (x,^,) satisfying 

\o- A (x,0\<c(0- s/r , 

for some s > n. Then the operator A : L pl (T n ) — > L P2 (T n ) is r -nuclear (for allpi,p2). 

3.2. Examples on SU(2) ~ § 3 and on SO(3). Let us now show other examples 
of the above statements for some particular compact groups. We first consider the 
case of G = SU(2), the group of the unitary 2x2 matrices of determinant one. 
The same results as given below can be stated for the 3-sphere S 3 by using of the 
identification SU(2) ~ S 3 , with the matrix multiplication in SU(2) corresponding to 
the quaternionic product on § 3 , with the corresponding identification of the symbolic 
calculus, see |RT10at Section 12.5]. 

We refer the reader to |RT10at Chapter 12] for the details of the global quantization 
(12 .7p on SU(2) an the details on the representation theory of the group G = SU(2). In 
this case, we can enumerate the elements of its dual as G ~ |N , with N = {0} U N, 
so that 

SU(2) = {[t e ] : t £ G G ^N }. 

The dimension of each t l is d t e = 2£ + 1, and there are explicit formulae for t e as 
functions of Euler angles in terms of the so-called Legendre-Jacobi polynomials, see 
|RT10al Chapter 11]. The Laplacian on SU(2) has eigenvalues Xf e = £(£ + 1), so that 
we have (t e ^ ~ £. With this, Corollary 13. Ill becomes: 

Corollary 3.17. Let A : L P1 (SU(2)) — > L P2 (SU(2)) be an operator with matrix symbol 
a A (x, £) = a A (x, t E ) := t E {x)*At E {x), I G ^N . 

Let s > 3 and p\ = min{2,pi}. // there is a constant C > such that 

— i— - 

|| \\(a A {x, £)) \\op(i™,e°°)\\LP2(G) <Cl n - 
for all £ G |N, then A : LP 1 (SU(2)) L P2 (SU(2)) is r -nuclear. 

For left-invariant operators with diagonal symbols on SU(2), as a consequence of 
Corollary 13.121 we have: 

Corollary 3.18. Let 1 < pi,P2 < oo, < r < 1 and let p[ = min{2,p!} and 
P2 = max{2,p2}- Let A : L Pl (SU(2)) — > L P2 (SU(2)) be an operator with diagonal 
symbol o~ A (£) such that 

for some s > 3. Then A : L Pl (SU(2)) ->• L P2 (SU(2)) is r -nuclear. 

In particular we will apply the above corollary to the Laplacian and the sub- 
Laplacian. 

If £su(2) denotes the Laplacian on SU(2), we have £su(2)^mn( x ) = + i )^mn( a; ) 
for all £, m, n and x G G, so that the symbol of I — £su(2) is given by 

a^ Csv{2) (x,£) = (l + £(£ + l))I 2i+1 , 
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where he+i € £,( 2e + 1 ) x ( 2i + 1 ) i s the identity matrix. Hence, cr/_£ (x, £) is diagonal 
and independent of x. Consequently, Corollary 13.181 applied to 1 < p = p\ = P2 < oo 
says that the operator (J — £su(2))~^ is r-nuclear on L P (SU(2)) provided that £~~ a < 

1 — s 

C£~ for s > 3. Summarising, we obtain 

Corollary 3.19. For a > ^, < r < 1 and 1 < p < oo, the operator (I — £su(2)) ^ 
is r-nuclear on L P (SU(2)). 

If p = 2, the order ar > 3 is sharp, see [DR13] . 

We shall now consider the group SO (3) of the 3x3 real orthogonal matrices 
of determinant one. For the details of the representation theory and the global 
quantization of SO(3) we refer the reader to [RTlOal Chapter 12]. The dual in this 
case can be identified as G ~ No, so that 

SO(3) = {[t e ] : t e e c^ +1 ^ 2£+1 \£e N }. 

The dimension of each t is d t e = 11 + 1. The Laplacian on SO (3) has eigenvalues 
\ 2 e = £(£ + 1), so that we have (t e ) w £. By the same argument as above, Corollary 
13.191 also holds for the Laplacian on SO(3). 

Let us fix three invariant vector fields D\, D2, -D3 on SO(3) corresponding to the 
derivatives with respect to the Euler angles. We refer to |RT10al Chapter 11] for the 
explicit formulae for these. However, for our purposes here we note that the sub- 
Laplacian C su f, = D\ + D 2 , with an appropriate choice of basis in the representation 
spaces, has the diagonal symbol given by 

(3.6) o- Csub (£)mn = (m 2 -£(£+ l))S mn , m,n e Z, -I < m,n < £, 

where 5 mn is the Kronecker delta. The operator C sub is a second order hypoelliptic 
operator and we can define the powers (J — C su b)~ a ^ 2 . These are pseudo-differential 
operators with symbols 

^J-^Wmn = (1 + K£ + 1) - m 2 Y a ' 2 5 mn . 

We now have 

Hi-c sub) -«M\\s r = (Tr(a {I _ Csub) ^ /2 (£)yy = ( ^ (l + £(£ + 1) - m 2 ) " 



\m=—l 



where £ G No- Comparing with the integral 

•r r R 



(1 + R 2 - x 2 Y^dx w CR~^ / (1 + R-xY^dx w CR~^ 

-R JO 



^ £ cur a r 

for ar > 2 and large R, it follows that J2m=-e (1 + + -U — m ) 2 ^ s °^ or( ier £ r. 
Now, the inequality 

rf < c£( 1 - s )/ r , 

with s > 3 holds if and only a > -. If 1 < p = pi = p 2 < 00, as a consequence of 
Corollary 13 . 1 8 1 we obtain the condition for the nuclearity of the operator (1— C su b)~ a / 2 : 

Corollary 3.20. For a > - with < r < 1 and 1 < p < 00, the operator (I—C SU b)~^ 
is r-nuclear on L p (SO(3)). The same conclusion holds for the same powers (of sub- 
Laplacians) on L P (SU(2)) or on L P (S 3 ). 
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4. Trace formulae on L p (G) and distribution of eigenvalues 

We now turn to some applications of the r-nuclearity on L P (G) spaces for the trace 
formulae, the Lidskii formula and the distribution of eigenvalues. In the special case 
1 < pi = p 2 = p < oo, applying Theorem 12.31 and Theorem 13.71 we obtain: 

Corollary 4.1. Let G be compact Lie group and < r < 1. Let 1 < p < oo and 

let us denote p = min{2,p}. Let (14(2, £) be the matrix symbol of a bounded operator 
A : D>{G) ->• L P (G) such that 

d\ p ||||(o"a(x,0)*IIop(^,£°°)||lp(g) < °°- 

Then A : L P (G) — > L P (G) is r-nuclear and 

oo 

J2\^n(A)\^ < OO. 

n=l 

We now derive another consequence relating the trace formulae with matrix-valued 
symbols. As we have already explained in the introduction, every nuclear operator 
defined from a Banach space E into E admits a trace provided that E satisfies the 
approximation property, which is the case here dealing with LP spaces. In the next 
proposition we show that, when p = p\ = p 2 the sufficient condition in Theorem 13.71 
ensures the existence of a formula for the trace in terms of the matrix-valued symbol. 

Theorem 4.2. Let G be a compact Lie group and < r < 1. Let 1 < p < oo 
and p = min{2,p}. Let A : L P (G) — > L P (G) be a linear continuous operator with 
matrix-valued symbol <ta(x,^) such that 

Then the operator A : L P (G) — > L P (G) is r-nuclear and its trace is given by 
(4.1) TyA= / V ^Tr(<r A (x,0)dM^)- 

Proof. The r-nuclearity is a consequence of Theorem 13.71 and we adopt the notation 
of the proof of Theorem 13.71 and denote a = a a ■ Concerning the trace formula, in 
sake of simplicity we will just consider r = 1 the general case follows from inclusion. 
As we have seen in the proof of Theorem 13.71 the formula 

k(x,y)= Y,d^(C{x)(7(x,C)ayT) 

represents the kernel of A. Moreover, it is well defined on the diagonal: in fact for 
the terms of the decomposition of the kernel 



by Holder's inequality we have on the diagonal 

\9t,ij( x )\\ h Z,ij( x )\M x ) < \\9(,ij(-)\\LP(G)\\h,ij(-)\\LHG)- 



G 
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Hence, since p = p\ = p<i we have 



J ^2 de\Tr((r(x,£))\dii(x) <^\\gi 



ij{-)\\LP(G)\\h,ij(-)\\Li(G) 



2 i 1 

— Z^ 6 ^ P \\\\( (r ( x ,0) t \\op(e° c ,e^)\\LP(G) 
< oo. 



Therefore, 



Tr A = / k(x,x)dp,(x) 
Jg 



G [flee 



J2dzTr(a(x,0ti(x)%x))M< 



^2 dtTr(<r(x,ti))dn(i 
K]eG 



We have employed the tracial property Tt(AB) = Tt(BA) and the fact that £(x) is 
unitary for every x. □ 

In relation with the Lidskii formula, from Theorem 14 . 2 1 and Grothendieck's theorem 
we have: 

Corollary 4.3. Let G be a compact Lie group and < r < |. Let 1 < p < oo 
and p = min{2,p}. Let A : L P (G) — > L P (G) be a linear continuous operator with 
matrix-valued symbol a A (x,^) such that 

^ o I r 

Yl d z iii(m^o)'iU(^~)IIl*>(g) < °°- 

Then the operator A : L P (G) — > L P (G) is r-nuclear and its trace satisifies 

„ oo 

(4.2) TtA= ^2d i Tr(a A (x^))dfJL(x) = ^2\ n (A), 

G [flee ™ =1 

with multiplicities taken into account. 

Remark 4.4. We note that not for every kernel it is convenient to calculate the trace 
integrating along the diagonal due to the degeneracy of the measure on it. When the 
kernel is representable by an expansion of the kind appearing in Theorem 12.11 one 
is allowed to proceed in such a way. For a general kernel the integration along the 
diagonal should be calculated involving an averaging processes, see e.g. |DellO] . 
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Very recently it has been proved (cf. |RLllj ) that if £ = 1 + || — ^|, the Lidskii 
formula holds for r-nuclear operators on L p (z/)-spaces. The importance of this result 
for us is that it allows to move r along the interval [|, 1] keeping the validity of 
Lidskii's formula for suitable values of p. If r G (|, 1) there exist two corresponding 
values of p solving the equation £ = 1 + || — -| the first one with p < 2 and the 
other one with p > 2. As a consequence of this result and Theorem 14.21 we obtain an 
extension of Corollary 14.31 allowing now a larger range of r: 

Corollary 4.5. Let G be compact Lie group. Let 1 < p < oo and let us denote 
p = min{2,p}. Let < r < 1 be such that £ = 1 + || — If 

^ P ||||(0"A(^,0) t ||op(^,<?°°)||2p(G) < °°> 

K]eG 

then A is r-nuclear on L P (G) and we have 

p oo 

Tr A= ^rf f Tr( ( T A (x,0)rfM^) = ^A n (A), 
with multiplicities taken into account. 

4.1. Heat kernels. We shall now establish some applications, in particular to the 
heat kernels on compact Lie groups. The heat kernel constructions, and the subse- 
quent Poisson kernel constructions, are instrumental in the advances in the Littlewood- 
Paley theory on compact Lie groups, see e.g. [Ste70| . However, our approach is more 
straightforward, making use of the symbol of the heat kernel. Indeed, taking into 
account that a e -tc G (x,^) = e - *^' J^, where |£| 2 = XL with as in (12. 4ft . we have 

e- tCa f(x) = d^(x)a e - t c G (x,0m)) 
= d^~ a h Tr(e(x)/(0). 

We can now derive the nuclearity of the heat kernel on L p -spaces. 

Theorem 4.6. LetG be compact Lie group. Then the heat operator e~ tCa : L Pl {G) — > 
L P2 (G) is nuclear for every t > and all 1 < pi,p2 < oo. Moreover, if < r < 1, 
then e~ tCa : L P (G) — > L P (G) is r-nuclear for every t > and 1 < p < oo. In 
particular, on each L P (G), due to the 1-nuclearity we have the trace formula 

TTe -tc G = j2dy tx h. 

[flee 

Proof. The kernel of e~ tCa is given by 

k t (x,y)= ^d e e- tA KlTr(e(a;)e(y)*), 
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with 

Ttfc(s)£(y)*) = £ 

We set 



As before we shall consider q\ such that i + -j- = 1 and we denote gj = max{2, gi}. 
Then by Lemma [2.51 we have 



91 



ll£«IU«l(G) = df: 

On the other hand 

— tx 2 

\\9t,ij\\LP2(G) =\\d^e le] £ij\\LP2(G) 

<||(i 5 e~' A K]||^|| p|| L P2(G) 
<d^e~ tX h. 

Therefore, 

£ll^,ii(-)IU^( G )||^,ii(-)IU«i(G) < £ dl^ 51 " 6 "*^ < 00 ' 

the last convergence following, for example, from any of the Weyl formulae, see, for 
example jDR12j . 

The r-nuclearity follows in a similar way. The trace formula follows immediately 
from Lemma 14.21 and fact that the Haar measure on G is normalised: 



[CleG [flee 

□ 

Remark 4.7. The Lidskii formula can be used to deduce lower bounds on the number 
of eigenvalues: Let E be a Banach space enjoying the approximation property. If 
T : E — > E is a |-nuclear operator which possesses at least one eigenvalue and if 
\X k (T)\<M for all k, then 

M ~ ' 

where N is the number of eigenvalues of T. Indeed, applying the Lidskii formula 

N 

Tr(T) = ^A fc (T), 

k=l 

we can estimate 

TV N 

| Tr(T)| = | £ X k (T)\ < £ \X k (T)\ < MN. 

k=l k=l 

As a consequence of this observation, taking into account the trace formula in |DellOj 
we obtain the following estimate for integral operates. The symbol ~ will denote the 
averaging process for kernels described in [DellO] . Let fi be a Borel measure on a 
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second countable topological space and let T : L p (fi) — > L p (fi) be a |-nuclear operator 
with kernel K(x,y). If T possesses at least one eigenvalue and if |A fc (T)| < M for all 
k, then 

| J K(x, x)d/j,(x)\ 

— 77 < N , 

where N is the number of eigenvalues of T. The last inequality means that the better 
one can estimate the size of the trace the better lower bound one gets for the number 
of the eigenvalues. 
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